Abstract. Let R be a Dedekind domain. We classify all indecomposable weak multiplication R-modules and we establish a connection between the weak multiplicatin modules, the pure multiplication modules and the pure-injective modules over such domains.
Introduction
One of the aims of the modern representation theory is to solve classification problems for subcategories of modules over a unitary rings R formulated as follows, see [20, Chapter 1] . For a unitary ring R and a subcategory C of R-modules closed under some categorical operations we would like to:
Step 1 give a complete classification of indecomposable modules in the class C (in case the problem is not of wild representation type in the sense of [20, Chapter 14] , [21] , and [22] .
Step 2 give a classification of all modules in C by a reduction to Step 1. Usually we are interested in the case the indecomposable modules in the C have local endomorphism rings. Then in Step 2 we try to decompose any module in C into a direct sum of indecomposable ones. In this case any such a decomposition is unique, up to isomorphism, by the well-known Krull-Schmidt-Azumaya theorem. The reader is referred to [1] and [20] for a detailed discussion of classification problems, their representation types (finite, tame, or wild), and useful computational reduction procedures, see also a recent paper [22] for a discussion of the notion of wild representation type for module classification problems.
Multiplication modules over a Dedekind domain (resp. the pullback ring of two local Dedekind domains over a common factor field) have been 34 S.E.Atani studied in [10] . It is shown that every non-zero multiplication module over a local Dedekind domain is indecomposable (see [10, Theorem 1.7] . Also, it is proven if M = 0 is a multiplication module over a Dedekind domain R with (0 : R M ) = 0, then M is pure-injective (see [10, Theorem 2.5] . So any indecomposable multiplication module over a local Dedekind domain has local endomorphism ring [19, Theorem 4.27] . The main aim of the present paper is to introduce a new class of R-modules, called weak multiplication modules, and to study it in details from the classification problem point of view. We are mainly interested in case R is a Dedekind domain.
More precisely, we show that an R-module M is indecomposable and a weak multiplication if and only if M P is an indecomposable weak multiplication module over R P , for every prime ideal P of R, and then we give a complete list of indecomposable weak multiplication modules over R P and one may pull back to a list of indecomposable weak multiplication over the ring R. Also, we prove that any indecomposable weak multiplication module different from R has local endomorphism ring. Now we summarize the content of the paper. In section 2, we introduce the notion of a pure multiplication module over a ring R and give a number of results concerning pure multiplication modules. Also, we classify the indecomposable pure multiplication modules over a discrete valuation domain (Theorem 2.12). The aim of section 3 is to classify indecomposable weak multiplication modules over a Dedekind domain (see Theorem 3.5) .
For the sake of completeness, we state some definitions and notations used throughout. In this paper all rings are commutative with identity and all modules unitary. If R is a ring and N is a submodule of an R-module M , the ideal {r ∈ R : rM ⊆ N } is denoted by (N : M ). Then (0 : M ) is the annihilator of M . A proper submodule N of a module M over a ring R is said to be prime submodule if whenever rm ∈ N , for some r ∈ R, m ∈ M , then m ∈ N or r ∈ (N : M ), so (N : M ) = P is a prime ideal of R, and N is said to be P -prime submodule. The set of all prime submodules in an R-module M is denoted Spec(M ). An R-module M is called a weak multiplication module if Spec(M ) = ∅ or for every prime submodule N of M , N = IM for some ideal I of R (note that we can take I = (N : M )). An R-module M is called a multiplication module if for each submodule N of M , N = IM for some ideal I of R. In this case we can take I(N : M ). Let R be an integral domain with the quotient field Q(R). The rank of an R-module M , denoted by rank R (M ), is defined to be the maximal number of elements of M linearly independent over R, that is, rank R (M ) is equal to the dimension of the vector space Q(R)M over Q(R). We say that an R-module M is prime if the zero submodule of M is a prime submodule of M .
Let M be an R-module and N a submodule of M . Call N a pure submodule of M if IN = N ∩ IM for each ideal I of R. It is easily checked that N is a pure submodule of M if and only if IM ∩ N ⊆ IN for every finitely generated ideal I of R. A submodule N of an R-module M is called relatively divisible (or an RD-submodule) in M if rN = N ∩ rM for all r ∈ R. A module M is pure-injective if it has the injective property relative to all pure exact sequences [19] . This means that the purity we study here coincides with the purity in the sense of Cohn [4] , see Kielpiński [12] and Warfield [23] for more details. In particular, by [12] and [23] , an R-module is pure-injective if and only if it is algebraically compact, see also [13] . Throughout this paper we assume unless otherwise stated, that R is a commutative ring with identity.
Pure multiplication modules
In this section we collect some basic properties concerning pure multiplication modules. Our starting point is the following definition:
Definition 2.1. An R-module M is a pure multiplication (resp. RDmultiplication) module provided for each proper pure submodule (resp. RD-
One can easily show that if N is a proper pure submodule (resp. RDsubmodule) of a pure multiplication (resp. RD-multiplication) module M , then N = (N : M )M . [18, Lemma 3.8] . We show that rT (M ) = T (M ) ∩ rM for all r ∈ R. We may assume that r = 0. It suffices to show that We need the following lemma proved in [23] .
Lemma 2.4. Let R be a commutative ring, M an R-module and N an R-submodule of M . Then N is a pure submodule of M if and only if N P is an R P -pure submodule of M P for every maximal ideal P of R.
Proposition 2.5. Let M be a module over a commutative ring R.
(i) If M is a pure multiplication, then the R P -module M P is a pure multiplication for every maximal ideal P of R.
(ii) If M is a finitely generated, then M is a pure multiplication if and only if the R P -module M P is a pure multiplication for every maximal ideal P of R.
P r o o f. (i) Let N be a pure submodule of M P where P is a maximal ideal of R. By Lemma 2.4, there exists a pure submodule G of M such that N = G P , so G = IM for some ideal I of R. Therefore we must have N = G P = (IM ) P = I P M P . Then the proof is complete.
(ii) If M is a pure multiplication R-module, then the result follows from (i). Conversely, let K be a pure submodule of M ; we show that (K/(K : M )M ) P = 0 for every maximal ideal P of R. According to Lemma 2.4, K P is a pure submodule of M P , so
Proposition 2.6. Let R be a commutative ring, M an R-module and N a proper R-submodule of M . Then the following hold:
(i) If I is an ideal of R such that I ⊆ (0 : M ), then M is a pure multiplication R-module if and only if M is pure multiplication as an R/Imodule.
(ii) If M is a pure multiplication and N is a pure submodule of M , then N and M/N both are pure multiplication. (ii) Let K be a proper pure submodule of N . Then by [5, p. 370 18-2.2], K is a pure submodule of M . Now we can write
Suppose that L/N is a proper pure submodule of M/N . It follows from [5, p. 370 18-2.2] that L is a pure submodule of M , so L = JM for some
Example 2.7. Let R be a local Dedekind domain (so a discrete valuation domain) and let Q(R) be the field of fractions of R. Since Q(R) is torsionfree it follows from [15, Theorem 1] that the only proper pure submodule of Q(R) is {0}; hence Q(R) is a pure multiplication R-module which is not a multiplication module. So a pure multiplication module does not need to be multiplication module, but we have the following results.
Theorem 2.8. If R is a ring, then the follwing hold:
(i) Every finitely generated pure multiplication module is a multiplication module.
(ii) If R is an artinian ring, then every pure multiplication R-module is cyclic. [3, Proposition 5] , it suffices to show that M is locally cyclic. By Proposition 2.5 (i), we may assume that M is a finitely generated pure multiplication module over a local ring R with unique maximal ideal P . Proposition 2.6 (i) gives M is pure multiplication as an R/P -module. Since P M is a pure R/P -submodule of M it follows from Proposition 2.6 (ii) and [2, Theorem 2.6] that M/P M is a finitely generated pure multiplication R/P -module. If M = P M , then M = 0, so M is multiplication. If M = P M , then rank R/P (M/P M ) = 1 by Proposition 2.3; hence M is cyclic by [2, Theorem 2.6], as required.
P r o o f. (i) By
(ii) By [3, Lemma 3] , it is enough to show that M is locally cyclic. By Proposition 2.5 and Proposition 2.6 we may assume that R is a local artinian ring with a unique maximal ideal P , P n = 0, and M/P M is a pure multiplication R/P -module. If M = P M , then we are done. If M = P M , then rank R/P (M/P M ) = 1, by Proposition 2.3; hence P M is a maximal submodule of M . If x ∈ M − P M , then P M + Rx = M , so M = Rx, and the proof is complete. Theorem 2.9. If R is a ring, then the following are equivalent. (iii) =⇒ (i) It is enough to show that for every prime ideal P of R, R/P is a field. If Q(R/P ) is the quotient field of R/P , then the only pure 38 S.E.Atani submodule of Q(R/P ) is {0}, so it is a pure multiplication R/P -module; hence Q(R/P ) = R/P (see [ Theorem 2.12. Let R be a discrete valuation domain with a unique maximal ideal P = Rp. Then the pure multiplication modules over R are:
(ii) R/P n , n ≥ 1; (iii) E(R/P ), the injective hull of R/P ; (iv) Q(R), the field of fractions of R. P r o o f. First we discuss the modules listed in (i)-(iv) and show that they are pure multiplication. Next we show that there are no more pure multiplication R-modules.
Clearly, R and R/P n (n ≥ 1) are multiplication, so they are pure multiplication. By Example 2.7, Q(R) is pure multiplication. It remains to show that E = E(R/P ) is pure multiplication. Set A n = (0 : P n ) for all positive integer n. Let 0 = N be a proper pure submodule of E. Then N = A m for some m, and A m+1 = P N = N ∩ P E = N , by [9, Lemma 2.6], which is a contradiction. Therefore, the only proper pure submodule of E is {0}, so E is a pure multiplication.
Let M be a pure multiplication R-module. Choose 0 = a, a ∈ M . Define the height of a, h(a) = sup{n : a ∈ P n M } (so h(a) is either an integer n ≥ 0 or "∞"). If (0 : a) = P n+1 = p n+1 R with n + 1 ≥ 2 then we have p n a = 0 and (0 : p n a) = P . So, replacing a if necessary, it may be suppose that (0 : a) is 0 or P . We consider various possibilities for (0 : a) and h(a).
Case 1. h(a) = n, (0 : a) = P .
Since h(a) = n, there is an element b ∈ M such that p n b = a. So p n b = 0 and the maximal power of p dividing p n b is just p n . Moreover,(0 : b) = p n+1 R gives Rb ∼ = R/P n+1 . Now we show that Rb is a pure submodule of M . Since R is a Dedekind domain, it suffices to show that for all integers
Case 2. h(a) = n, (0 : a) = 0. By Proposition 2.3 (i), M is a torsion-free R-module. It follows from [8, Lemma 2.3] that P M = M . Since h(a) = n, we must have a = p n b for some b ∈ M . As (0 : b) = 0, we get R ∼ = Rb. By a similar argument to the above one, Rb is pure in M (otherwise we would have h(a) > n); hence there is a positive integer t such that R ∼ = Rb = P t M = M .
Case 3. h(a) = ∞, (0 : a) = 0. Proposition 2.3 (i) and [8, Lemma 2.3] gives M is a torsion-free R-module and P n M = M (n ≥ 1). So a is divisible by every power p n of p. Thus a is uniquely divisible by every non-zero element of Q(R). Therefore, the Rhomomorphism from the module Q(R) to M given by taking q to qa is welldefined and an isomorphism. Hence M contains a submodule isomorphic to Q(R) and hence Q(R) is a direct summand of M . Thus M ∼ = Q(R), since M is indecomposable, by Lemma 2.11 (see [9, Proposition 2.7 (b)]).
Case 4. h(a) = ∞, (0 : a) = P . Since h(a) = ∞, there is an element a 1 of M such that a = a 0 = pa 1 , with a = a 1 , since a = 0 and pa = 0. If h(a 1 ) < ∞, then by case 1, M is a module of finite length, and this contradicts the height of a is ∞. So a 1 = pa 2 , for some a 2 ∈ M . By this process, one can show that there is a infinite sequence of elements a 0 = a, a 1 , ... of M such that for every n, we must have pa n+1 = a n . Set F = n≥0 Ra n . Then F is an injective R-module and is isomorphic to a copy of the injective module E(R/P ) which must, therefore, be isomorphic to M , since the module E(R/P ) does have essentially the same Prüfer structure as in the commutative case (see [9, Proposition 2.7] ).
Weak multiplication modules
Pure multiplication modules over a ring R have been introduced and studied in section 2. The following example shows that the pure multiplication and weak multiplication modules are different concepts.
Example 3.1. Let p be any prime and let M denote the Z-module E(R/pZ) ⊕ C p (C P is the cyclic group of order p). Since M is a torsion Z-module and M = qM for all primes q = p, it follows that Spec(M ) = {pM }. So M is a weak multiplication R-module, but it is not pure multiplication since 0 ⊕ C P is a pure submodule of M and 0 ⊕ C p = IM for all ideal I of Z. Thus a weak multiplication module does not need to be pure multiplication.
Lemma 3.2. Let M be a module over a ring R. Then M is an indecomposable weak multiplication R-module if and only if M P is indecomposable weak multiplication as an R P -module for every prime (or maximal) ideal P of R. Reduction to the local case. Let R be a Dedekind domain. Our aim here is to classify the indecomposable weak multiplication R-modules. By [2, Lemma 2.3] and Lemma 3.2, it is enough to consider the case where R is a local Dedekind domain (e.g. a discrete valuation domain) with a unique maximal ideal P = Rp. Proposition 3.3. Let R be a discrete valuation domain with a unique maximal ideal P . Then an R-module M is indecomposable weak multiplication if and only if M is isomorphic with one of the following R-modules
(ii) R/P n , n ≥ 1; (iii) E(R/P ), the injective hull of R/P ; (iv) Q(R), the field of fractions of R. P r o o f. Clearly, R and R/P n (n ≥ 1) are weak multiplication. Since the only prime submodule of Q(R) is {0}, by [15, Theorem 1], we must have Q(R) is weak multiplication. Moreover, As E(R/P ) is a torsion divisible R-module, we get Spec(M ) = ∅ by [17, Lemma 1.3] ; hence E(R/P ) is weak multiplication. The indecomposability follows from [7, Proposition 1.3 ]. Now we show that there are no more indecomposable weak multiplication R-modules. Let M be an indecomposable weak multiplication R-module. We split the proof into two cases. (i) If M = R is a torsion-free weak multiplication R-module, then M is a direct sum of copies of Q(R).
(ii) If M is a torsion weak multiplication R-module, then M is a direct sum of copies of R/P n (n ≥ 1) and E(R/P ). Remark 3.7. Assume that R is a local Dedekind domain with a unique maximal ideal of P and let R be the completion of R in the P -adic topology. Moreover, R has a natural structure as a ring extension of R. In particular, R is an R-module (and, a such, is easily seen to be torsion-free) [19] .
(i) The module R is a pure-injective R-module which is not weak multiplication, but the module R is weak multiplication that is not pure-injective (see [7, Proposition 1.3] and Proposition 3.3).
(ii) The module R is a prime R-module which is not weak multiplication, but the modules E(R/P ) and R/P n (n ≥ 2) are weak multiplication that are not prime (see [8, Proposition 2.8] and Proposition 3.3).
Theorem 3.8. Let R be a discrete valuation domain. Then the follwing hold:
(i) Every weak multiplication R-module different from R is a pure-injective R-module.
(ii) Every indecomposable prime R-module different from R a is weak multiplication R-module. 
